In the present work, we have studied the spectrum of the primordial gravitational waves due to magnetic instability in the presence of neutrino asymmetry. The magnetic instability generates a helical magnetic field on a large scale. The anisotropic stress generated by the magnetic field shown to be a source of primordial gravitational waves (GWs) at the time of matter-neutrino decoupling. We expect that the theoretically predicted GWs by this mechanism may be detected by Square Kilometer Array (SKA) or pulsar time array (PTA) observations. We also compare our findings with the results obtained by the earlier work where the effect of magnetic instability was not considered.
I. INTRODUCTION
The observation of gravitational waves (GW) by the Laser Interferometer Gravitational-Wave Observatory (LIGO) has provided first direct evidence for gravitational waves [1] . The events detected by LIGO involves gravitational waves from black holes binary and coalescing neutrons stars [2] . This has opened up a possibility of studying new physics by observing the Universe through gravitational waves. This remarkable success of LIGO in observing GW has provided hope of detecting the primordial gravitational waves with high sensitivity detectors [3] . In particular, if we will be able to detect the primordially generated GW, it would open up the window to study the early universe via gravitational waves. Primordial models of generation of the GW are studied by various cosmological and particle physics models. Primordial GW can broadly be divided into two main categories: First category consists of the gravitational waves generated during inflation or before inflation by various turbulent phases of the universe, and the second category corresponds to generation mechanism between the end of inflation and the onset of the Big Bang Nucleosynthesis (BBN). In the standard inflationary scenario, the GW background is generated due to tensor vacuum fluctuations h i j of the Friedman-Lemaitre-Robertson-Walker (FLRW) metric [4] [5] [6] [7] [8] [9] . In the second category consists variety of sources such as cosmological defects [10] [11] [12] , various phase transitions [13] [14] [15] [16] [17] [18] , turbulent phase of the cosmic fluid [19] [20] [21] [22] , primordial magnetic fields [19, 23] , from merging of primordial black holes (PBHs) [24, 25] and due to instabilities in early universe [26] .
In the present work, we focus on the generation of primordial GW during the neutrino decoupling. First, it should be noted that the neutrino plasma interaction has been studied by several authors: the non-linear coupling of intense neutrino * Electronic address: arunp77@gmail.com † Electronic address: pravin@prl.res.in ‡ Electronic address: jeet@prl.res.in flux with the collective plasma oscillations in supernova core can cause parametric instabilities in the surrounding plasma [27] [28] [29] [30] . In Refs. [31, 32] , authors have shown that neutrino driven streaming instability can cause significant energy transfer from neutrino to the plasma. The problem of primordial GW generation during the matter-neutrino decoupling has been studied by earlier works [20, 33] . In reference [33] , the authors have shown that inhomogeneous cosmological lepton number generated by some particle physics mechanism can produce turbulence around the time when the neutrino entered the free streaming regime. This could in turn give rise to the primordial magnetic fields and the gravitational waves. This requires that the net lepton number density, N a (x) = n ν a (x) − nν a (x) where a = e, µ, τ, of one or more neutrino species over some characteristic length scale which is regarded as much smaller than the Hubble scale. A net flux of neutrinos along the gradient then might chaotically stir the plasma to produce magnetic fields and the GWs. This work was further extended in Ref. [20] and shown that the continuous energy injection to the plasma can lead to the modification of the Kolmogorov spectrum and may influence the spectrum of gravitational waves.
It should be emphasized here that it is not crucial to have the inhomogeneity in neutrino density in order to generate a magnetic field. It was pointed out in Ref. [34] that the parity violation in the Standard Model can lead to modification of the equations of magneto-hydrodynamics(MHD). The modified MHD gives an anti-symmetric contribution to the photon polarization tensor arising due to parity-violating neutrino interaction with charged leptons. This is related with the Chern-Simon term in the effective Lagrangian. This, in turn, leads to a new instability of magnetic fields in the (electroweak) plasma in the presence of a nonzero neutrino left-right asymmetries. In this work, neutrino density can be homogeneous and it can produce a strong magnetic field [34, 35] . In the present work, we aim to study the spectrum of primordial gravitational waves generated by the instability of the magnetic modes in the presence of neutrino asymmetry. We consider the neutrinos species to be homogeneous. It ought to be noted here that the similar kind of instability can also occur due to non-linear interactions of neutrinos and the collective modes of the plasma [36] . This paper is organized as follows: In section (II), we have given a brief overview of the effective Lagrangian in the presence of charged lepton-neutrino interaction. In this section, we have also given a brief description of the generation of magnetic fields in subsection (II B), and it's a contribution to the energy-momentum tensor in subsection (II C). Section (III) contains the generation of GW due to magnetic fields produced in an asymmetric neutrino plasma. In this section, we have derived the evolution equation of the GW and derived the formula for the current power spectrum. Finally, we have summarized and discussed the results obtained in section (IV). Throughout this work, we have used natural units. In an expanding universe, the line element for the background space-time is Friedman-Robertson-Walker metric
where scale factor a(τ) have dimension of length, whereas conformal time τ and conformal coordinate x i are dimensionless quantities. In the radiation dominated epoch a = 1/T , we can define conformal time τ = M * /T , where M * = 90 8π 3 g eff 1/2 M pl , g eff and M pl = 1/ √ G are effective relativistic degree of freedom and Planck mass respectively. Also, we have used comoving variables defined as B c (x) = B(x, τ) a 2 (τ) (magnetic field), µ c = a µ (chemical potential) and σ c = a σ (electrical conductivity). However, in the upcoming sections, we will not use the subscript 'c' for the simplicity of the notation.
II. NEUTRINOS IN HOT DENSE PLASMA MEDIUM
Neutrinos behave differently in a dense matter than in vacuum, which could be very useful to understand the neutrino oscillations in the early universe [37] [38] [39] . In the present work, we have considered a massless neutrino in a hot plasma of charged electrons. In this case, the evolution equation of a charged lepton l, represented by a bispinor ψ in a neutrinoantineutrino gas (i.e. ν ανα -gas, here α = e, µ, τ) is given by the following Dirac equation [40, 41] 
here, γ ρ = (γ 0 , γ i ) and P L,R = (1 ∓ γ 5 )/2 are the Dirac matrices and the chiral projection operators respectively, γ 5 = i γ 0 γ 1 γ 2 γ 3 . The external neutrino macroscopic currents f ρ L,R = ( f 0 L,R , f L,R ) describes the lν interaction in the mean field approximation. The νl-interaction is given by the following effective Lagrangian [41] :
where, G F ≈ 1.17 × 10 −5 GeV −2 is the Fermi constant. Here f ρ is defined as
The coefficients a (α) L,R are the given in terms of Weinberg angle θ W by (for details, see [41] , page number 78 and 138)
Here, δ e,e = 1 else δ l e,e = 0. Average over the neutrino ensemble of the effective Lagrangian ν α γ 0 (1 − γ 5 )ν ρ ≈ 2∆n ν α , which is zeroth component of the macroscopic neutrino current. Here ∆n ν α = n ν α − nν α is the asymmetry in the number asymmetry of the neutrinos and antineutrinos at temperature T ν α and
In the above equation, we assume that the chemical potential of the neutrinos and antineutrinos are equal i.e., | µ ν α | = | µν α |.
It is shown in reference [34] that f L,R = 0 and
The difference between these two currents:
Above we have used a relation for number asymmetry of a neutrino species as ∆n ν α = ξ ν α T 3 /6, where ξ ν α = µ ν α /T . For a causal process, coherence length scale of the magnetic fields l B should be less than the Horizon size, i.e. l B < l H ∼ H −1 = M 0 /T 2 . Thus using this relation, we will have for T µ (ultra relativistic case),
here, number 106.75 correspond to the relativistic effective degree of freedom at T > T QCD 150 MeV. However for the case when T < µ ν α , one can calculate this limit in the similar fashion and this will be important at the core of a supernova, where µ ν α ∼ 100 MeV and T ∼ 10 MeV [36] .
A. Current expression for asymmetric neutrino gas
The general form of the Maxwell equation is given by the equation ∂ ν F µν = j µ , where j µ is the total current j µ = j µ ext + j µ neu . The current j µ neu is the neutrino current in the νν−gas. j µ ext is the external current. j µ neu can be written as:
where Π µν is the (retarded) self-energy of the photons and it can be split in three component as
where,
and P A µνβ = i µναβ k α . Here Π L , Π T and Π A are the form factor of the photons corresponding to the parity violating part of the polarization tensor for the gas. The contribution to the Π 2 = ( f 0 L − f 0 R )Π A is coming from the neutrino-neutrino interaction and the neutrinolepton interaction, i. e.
here, for a low density νν-gas as a background for the electrons [34] ,
(15) These relation can be written symbolically as:
where F is a dimensionless function and for a relativistic plasma F = −0.18 and for a relativistic degenerate plasma F = −2.05 [34] .
B. Neutrino asymmetry and the magnetic fields
The total three current in the present case can be written as
In the above equation, the first term is the conduction current. The second and third term comes only for the neutrino asymmetric νν−gas interacting with the leptons. Using eq. (16) and Maxwell's equation, evolution equation for the magnetic field can be written as:
The first term on the right-hand side is the diffusion term; the second term is the convection term, and the remaining two terms are due to the neutrino asymmetry. The last term in the above equation comes due to the non-conversion of the total helicity because of the fluid helicity in the νν gas [36] . For µ T , Π ω = T 2 /24 and for T µ,
Initially, when there are no magnetic fields, only last term survives, and thus it acts as a source for the generation of magnetic fields. The collective behavior of the magnetic fields in the gas depends on the competition between these two terms. The magnitude of each term can be compared to see the dominance of the term over others. This will give an insight into the dynamics of the magnetic fields at different length scale. Let us suppose that l B is a typical coherence length scale of the magnetic fields and
l B T , the convection term can be neglected. However, for l B min{ 1 Π 2 , e 2 vT }, or when B
Π ω v, the diffusion can be ignored. In the present work, we ignore convection term. Now consider propagation vector in z−direction and magnetic and velocity fields are in plane perpendicular to the propagation vector. We can decompose equation (17) in the polar-
Polarization modes form an orthonormal triad system of unit vectors (e 1 , e 2 , e 3 = k/k). Here k = |k| is the magnitude of the comoving momentum. These polarization modes satisfy ∇ · ε ± i = 0 and ∇ × ε ± = ±k ε and ε ± (−k) = ε ± (k). The velocity and the magnetic fields can be decomposed as:
Here, λ = +, − correspondence to the two polarization. The four vector k µ , with a dimension of (length) −1 is k µ = (ω, k). Therefore, d 3 k = |k| 2 d|k| dΩ. Therefore, equation (17) in the component form reduced to
In the absence of any seed magnetic field, only last term in the above equations will survive. When a sufficiently large magnetic field is generated, first and second terms will dominate and we can write a solution of the above equation as:
HenceB + grow exponentially when wave number of the mode satisfy k < Π 2 . However,B − will always damps exponentially. Now we multiplỹ B + * with the equation forB + andB − * with the equation forB − and after taking ensemble average,
Last term can be calculated by assuming that initially there is no background magnetic fields and then considering the solu-
Here τ * is the time at which asymmetry is generated. Using the solution, equation (22) gives (assuming Π 2 , Π ω and σ are constant)
Here f (k, τ) ≈ τ − τ * for τ − τ * < 2π/(kv) and f (k, τ) = 2π/(kv) for τ − τ * > 2π/(kv) . We have used a power law power spectrum of the velocity field |ṽ ± |, satisfying |ṽ
and k i denotes the inertial wave number and v i is the fluid velocity at this scale. For k > k i , n = −2/3 corresponds to the Kolmogorov spectrum, however, k < k i belongs to white noise spectrum for which n = 3 [26] .
Since we are interested in a statistically homogeneous and isotropic magnetic fields, the two point correlation of the magnetic fields i.e. B i (r 1 )B j (r 2 ) = C i j (r 1 , r 2 ) is a function of r = |r 1 − r 2 | only. In terms of the Fourier amplitude of the magnetic fields, the two-point correlation of the divergencefree magnetic fields gives
here, P i j is the transverse projection operators P i j (k) = δ i j − k ik j andk i ≡ k i /|k|, and follows P i j P jk = P ik and P i jk j = 0. ε i jl is totally antisymmetric tensor. S (k) and A(k) represents the symmetric and antisymmetric part of the correlator. These two functions are usually referred as "magnetic" and "helical" power spectrum respectively. The magnetic energy ρ B and helical energy H B can be defined using these two functions as ρ B (k) = 2πk 3 S (k) and H B (k) = 4πk 2 A(k) and defined as
Using the definition of the magnetic energy and the helicity densities, we can write evolution equation for the magnetic energy and helicity as
Here, ρ v and H v are fluid kinetic energy and fluid helicity. For a maximally helical magnetic field, H B and ρ B satisfies |H B (k, τ)| ≤ 2 k ρ B (k, τ) and this occurs when either of positive or negative magnetic modes vanishes [42] . In such a situation, equations (27) - (28) gives
Therefore, to see the evolution of the generated fully helical magnetic fields after it's generation, we need to solve this equations with appropriate parameters and the boundary conditions.
C. Energy momentum tensor spectrum
The energy momentum tensor in presence of the magnetic fields and the turbulence can be given as
where u i , p and are the fluid velocity, pressure, and the energy density respectively. The turbulence lasts for a short time as compared to the evolution of the universe and acts incoherently to generate the GWs. However, the magnetic fields behave as a coherent source and can act up to the time of matter and radiation equality [43] . Therefore, in the present work, we only consider the generation of the GWs due to the magnetic fields. The source of gravitational waves is the stress tensor of the magnetic fields and is written in Fourier space as:
Here we have neglected contribution from the modes outside the horizon (kτ 1). Now we need to calculate the TT part of the anisotropic stress tensor, which is given by:
The projection operator Λ ik jl (k) projects onto the transverse traceless part of the stress tensor. The anisotropic stress power spectrum tensor is defined as [43, 44] 
M i jlm and A i jlm are defined as M i jlm = P il P jm + P im P jl − P i j P lm ,
where, f (k) and g(k)are defined as
where, γ =k ·p and β =k · ( k − p) = (k − pγ)/ k 2 + p 2 − 2γpk .
III. GRAVITATIONAL WAVE GENERATION BY THE MAGNETIC FIELDS IN A NEUTRINO ASYMMETRIC PLASMA
In the present work, we have considered a flat FLRW metric, and on top of this metric, the tensor perturbation is present. Therefore, in this case, a perturbed metric is given by the following equation
here, a(τ) is the scale factor. Metric g µν is defined as
where, η µν = diag(−1, 1, 1, 1), h 00 = h 0i = 0, and |h i j | 1. Here h i j represents the comoving tensor perturbation and figure (2a) , we keep fix temperature (0.8 Mev) and plot for different combinations of fudge factor (S) and v i (τ * ). In figure (2b) , we fix the fudge factor and v i (τ * ), and plot for different temperatures.
satisfies the following gauge conditions h i i = 0 and ∂ i h j i = 0. This gauge choice in literature is known as Lorentz gauge or Newtonian gauge or TT gauge. In the linear perturbation theory, the metric perturbations in the TT gauge are gauge independent [45, 46] . In this gauge, there are two independent polarization states of the tensor perturbation as λ = +, −. We can write h i j into plane waves in terms of the polarization,
where, we have chosen a orthonormal coordinate system (ê 1 , e 2 ,ê 3 =k) in such a way that GW propagate inê 3 direction and
satisfies the following relations: δ i j e ± i j = 0,k i e ± i j = 0 and e ± i j e ∓ i j = 3/2. The evolution equation for the tensor perturbation can be obtained by taking Einstein equation to the order O(h). The linear order of Einstein equation δG i j = 8πG δT i j [47] will give
Here, Π T T i j (t, x) is the anisotropic part of the stress tensor in TT gauge (31) . Here semi-colons denotes the covariant derivative while comma denote partial derivative. Under the general coordinate transformation, each component of the tensor perturbation may be treated as a scalar quantity i.e. h i j;µ = h i j,µ . Therefore, left hand side of the equation (41), gives
here dot over the quantity represents derivative with respect to physical time t and Γ 0 0ν = Γ 0 0µ = 0, Γ 0 i j = δ i j a 2 . Hence, equation (41) in Fourier space is
The effect of the expansion of the Universe can be seen through the second term in the above equation. Converting the cosmic derivative to the conformal time τ,
Here a /a = 1/τ and a /a = 2/τ are defined for radiation and matter dominated era respectively. This equation looks similar to the massless Klein Gordon equation for a plane waves in an expanding space-time with a source term. Since the source of the GWs is magnetic field generated via causal process and they are redshifted, we can write Π T T i j (τ, k) = Π T T i j (k)/a 2 (τ). Using this basis defined in equation (40), we can decompose Π i j and h i j as
To solve equation (45), we have defined a dimensionless variable x = kτ. Then equation (45) in a radiation dominated universe reduces to
Here S ± is the mean square root value of Π T T ± and can be calculated by decomposing equation (33) into the polarization component as
Thus we will have
The solution of equation (46) in radiation dominated era via a relevant Green's function is
where the coefficients A ± and B ± is given by
Here upper limit in the integral x = 1 correspond to horizon size. Since second term diverges, for the modes of the horizon size i.e. x 1, we will neglect second term. Therefore, solution of the equation in the present case is
A. Degree of polarization of Gravitational waves
The two point correlation of the tensor perturbations is defined as
where, it is assumed that tensor perturbations are Gaussian in nature. S GW and H GW are the GW power spectrum and the GW helical power spectrum respectively. The ratio of the two power spectrum is known as GW degree of circular polarization [48, 49] 
B. Energy density of GW
The (00) component of the stress-energy tensor is defined as the energy density of the gravitational waves.
Here averaging is taken over the comoving volume of the horizon size as modes with kτ 1 cannot be defined in a meaningful way. Therefore energy density of the GWs in a Fourier space is written as:
The relative energy density Ω GW (τ, x) of GW is given as
here, ρ cr is the critical energy density of the Universe at a given time. The GW spectrum per logarithmic momentum interval at the time of generation is
In radiation dominated era, the energy density of the Universe evolves as ρ ∝ a −4 and due to the interaction of different kind of particles with the photons leads to the thermal equilibrium. In an adiabatic system, the entropy of per unit comoving volume should be conserved and therefore, s(T )a 3 (T ) = constant (where s(T ) = ρ+p T = 2π 2 45 g s (T )T 3 ). The energy density in this era is given by ρ(T ) = π 2 30 g(T )T 4 and p = 1 3 ρ. Here g s (T ) and g(T ) are the effective degree of freedom of all relativistic species and are given as
Using the fact that the value of the quantity s(T )a 3 
The present values of g and g s are equal for temperature T 0.1MeV and are nearly equal for temperature T 0.1MeV (g 0 = 3.3626 and g s 0 = 3.9091).
D. Observed energy spectrum of GW
Once GWs are produced, they will propagate unhindered throughout the space. Which means, their energy density will fall only due to the expansion of the Universe and hence Ω GW ∝ a −4 . Hence the ratio of the energy density of the GW at the time of generation and today can be written as
Therefore, the observed power spectrum per logarithmic scale can be written using equations (61) and (63) in (64)
Which can be simplified after using H 2 = 8πG 3 ρ and expression of the GW power spectrum at the time of generation, given in equation (61) along with the solution for h + and h − given in equations (53) and (54)
here, x in = k * τ * and x = kτ. H 0 = 2.133×10 −42 GeV, g s0 = 3.7 value at T 0 = 2.23 × 10 −13 GeV, g s * at T * i.e. temperature of the magnetic field generations. In above equation
ln(x * ) = ln(k * τ * ) . , σ = 70 and v i (τ * ) = 10 −1 . The peak corresponds to the frequency ν ∼ 10 −10 Hz. Since the amplitude ∼ 10 −12 and frequency ∼ 10 −10 Hz comes under the sensitivity of the SKA and IPTA, the generated GWs may be detected in these observations.
IV. RESULTS AND DISCUSSIONS
In the present work, we have studied the generation of magnetic fields and hence the GWs in a hot dense gas. In this plasma, there is an asymmetry in the number densities of the neutrinos and over their corresponding antineutrinos. In the presence of this asymmetry, turbulence is generated and hence magnetic fields are produced. In figures (1) and (2) we have shown the evolution of magnetic energy, turbulent kinetic energy, and the helical energy for different parameters. We have shown in figure (1a) that the peak of the magnetic energy shifted towards lower k values as we decrease the temperature. Initially, when there are no magnetic fields present, the last term in the equation dominates and hence the behavior of k 8 . However, when sufficiently large magnetic fields are generated, second and third term start contributing. For a maximally helical magnetic field, magnetic modes grow exponentially for k ∼ Π 2 /2, which can be seen from the first term in the equation (29) . We have also shown in figure (1b) that at large values of the k, turbulent kinetic energy follows, Kolmogorov spectrum. However, for smaller k values, the spectrum is a white noise spectrum. The variation of the helical energy density of the magnetic fields is given in plot (2) . In figure (2a), helical energy for different values of the Fudge factor are shown. It is clear that at a fixed temperature, peak remains at the same position. However, at a smaller value of k, power in the magnetic fields depends on the values of v i but not on the values of the fudge factor. It is interesting to note that peak shift at a smaller value of k in figure (2b) , which means that magnetic power shifts from small length scale to large length scale. This phenomenon is known as inverse cascading of magnetic energy. It is also shown here that slop at small k, is proportional to k 7 . In reference [50] , authors have shown that at neutron star core, a seed magnetic field of the order of 10 12 G, modifies to 10 17 G at a time scale of (10 3 − 10 5 yr). In this work, authors have shown that at core there are two contribution to the electric current: one from the chiral asymmetry and second one is from the non-zero weak interaction proportional to the finite neutron and proton densities. In Ref. [33] , it is shown that the magnetic modes grow exponentially by the electron neutrino asymmetry for the ν burst of a supernova explosion. Authors have argued that the generated magnetic fields via this mechanism may explain the strongest magnetic fields in magnetars. However, in the present work, we have shown that, we don't need a seed field and the magnetic fields are generated at the cost of turbulent energy in presence of neutrino asymmetry. Here one assumption is that net lepton density is homogeneous. We estimate the strength of the magnetic fields, which is B ∼ 4παΠ ω /(T l B ). At temperature T ∼ MeV and length scale l B ∼ MeV −1 , a seed magnetic field of the order of 10 14 G could be generated which after amplification via a dynamo mechanism can give currently observed magnetic fields. These generated magnetic fields would create the anisotropy in the energy-momentum tensor, which in turn generate GW background. The power spectrum of the GW is given in plot (3) with respect to k for the parameters give below the plot. At temperature T = 10 3 MeV and T = 10 4 MeV amplitude is 10 −12 and 10 −15 and corresponding to frequency 10 −10 Hz and 10 −12 Hz respectively. Since the amplitude and frequency of the produced GWs lies in the sensitivity of the SKA and PTA, these produced GWs may be detect in these observations. In fig. (4) , GW polarization is given with respect to k produced by a maximally helical magnetic fields in neutrino asymmetric plasma. P GW ∼ 1 means that the generated GWs are polarized. Next, we compare our results with those obtained in Refs. [20, 33] . In these papers, authors have considered inhomogeneity in one or more neutrino species.
Their results show that the primordial gravitational waves has a amplitude of the order of h 2 0 Ω GW ( f ) ∼ 10 −12 with frequency 1 mHz at temperature around 100GeV [20] .
In summary, we have studied the generation of the magnetic and GWs in a νν gas in a hot dense plasma where there is a homogeneous net neutrino number densities are present. We predicts that the produced GW can be detected in SKA or PTA observations as the amplitude and the frequency lies in the sensitivity range of these observations.
